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CESA`RO CONVERGENT SEQUENCES IN THE MACKEY
TOPOLOGY
JOSE´ RODRI´GUEZ
Abstract. A Banach space X is said to have property (µs) if every weak∗-
null sequence in X∗ admits a subsequence such that all of its subsequences are
Cesa`ro convergent to 0 with respect to the Mackey topology. This is stronger
than the so-called property (K) of Kwapien´. We prove that property (µs)
holds for every subspace of a Banach space which is strongly generated by an
operator with Banach-Saks adjoint (e.g. a strongly super weakly compactly
generated space). The stability of property (µs) under ℓp-sums is discussed.
For a family A of relatively weakly compact subsets of X, we consider the
weaker property (µs
A
) which only requires uniform convergence on the elements
of A, and we give some applications to Banach lattices and Lebesgue-Bochner
spaces. We show that every Banach lattice with order continuous norm and
weak unit has property (µs
A
) for the family of all L-weakly compact sets. This
sharpens a result of de Pagter, Dodds and Sukochev. On the other hand, we
prove that L1(ν,X) (for a finite measure ν) has property (µs
A
) for the family
of all δS-sets whenever X is a subspace of a strongly super weakly compactly
generated space.
1. Introduction
A subset C of a Banach spaceX is said to be Banach-Saks if every sequence (xn)n
in C admits a Cesa`ro convergent subsequence (xnj )j , i.e. the sequence of arithmetic
means ( 1k
∑k
j=1 xnj )k is convergent (in the norm topology) to some element of X .
A Banach space X is said to have the Banach-Saks property if its closed unit ball
BX is a Banach-Saks set. An operator T : Y → X between Banach spaces is
said to be Banach-Saks if so is T (BY ). Every Banach-Saks set is relatively weakly
compact (see e.g. [28, Proposition 2.3]) and so every space having the Banach-Saks
property is reflexive [31], and every Banach-Saks operator is weakly compact. The
converse statements are not true in general [2]. Every super-reflexive space (like
Lp(ν) for a non-negative measure ν and 1 < p <∞) has the Banach-Saks property
(see e.g. [12, p. 124]). For any non-negative measure ν, the space L1(ν) enjoys
the weak Banach-Saks property, that is, every weakly compact subset of L1(ν)
is Banach-Saks, a result due to Szlenk [40] (cf. [12, p. 112]). At this point it is
convenient to recall the Erdo¨s-Magidor theorem [15] (cf. [28, Corollary 2.6] and [33,
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Theorem 2.1]) which implies, in particular, that every sequence in a Banach-Saks
set admits a subsequence such that all of its subsequences are Cesa`ro convergent
to the same limit:
Theorem 1.1 (Erdo¨s-Magidor). Every bounded sequence (xn)n in a Banach space X
admits a subsequence (xnj )j such that
(i) either all subsequences of (xnj )j are Cesa`ro convergent (to the same limit);
(ii) or no subsequence of (xnj )j is Cesa`ro convergent.
As we will see, for a finite measure ν, the weak Banach-Saks property of L1(ν)
yields a somehow similar property for its dual L1(ν)∗ = L∞(ν) by considering the
w∗-topology and the Mackey topology, namely: every w∗-null sequence in L∞(ν)
admits a subsequence such that all of its subsequences are Cesa`ro convergent to 0
with respect to µ(L∞(ν), L1(ν)). Recall that, for an arbitrary Banach space X ,
the Mackey topology µ(X∗, X) is the (locally convex) topology on X∗ of uniform
convergence on all weakly compact subsets of X . So, for any finite measure ν, the
space L1(ν) satisfies the following property which is the main object of study of
this paper:
Definition 1.2. A Banach space X is said to have property (µs) if every w∗-null
sequence in X∗ admits a subsequence such that all of its subsequences are Cesa`ro
convergent to 0 with respect to µ(X∗, X).
The paper is organized as follows. In the preliminary Section 2 we point out that
property (µs) is stronger than the so-called property (K) invented by Kwapien´ in
connection with some results of Kalton and Pe lczy´nski [24]:
Definition 1.3. A Banach space X is said to have property (K) if every w∗-null
sequence in X∗ admits a convex block subsequence which converges to 0 with respect
to µ(X∗, X).
Property (K) (and some variants) have been also studied by Frankiewicz and Ple-
banek [19], Figiel, Johnson and Pe lczy´nski [17], de Pagter, Dodds and Sukochev [10],
Avile´s and the author [1]. In Section 2 we also give some basic examples of Banach
spaces having property (µs). For a reflexive space X , (µs) is equivalent to the
Banach-Saks property of X∗ (Proposition 2.2). In particular, any super-reflexive
space has (µs). For a C(L) space (where L is a compact Hausdorff topological
space), (µs) is equivalent to the fact that C(L) is Grothendieck (Proposition 2.3).
So, for instance, ℓ∞ has property (µ
s).
In Section 3 we discuss the role of “strong generation” in the study of prop-
erty (µs). To be more precise we need some terminology:
Definition 1.4. Let X be a Banach space and let H and G be two families of subsets
of X. We say that H is strongly generated by G if for every H ∈ H and every ε > 0
there is G ∈ G such that H ⊆ G+ εBX. If in addition G = {nG0 : n ∈ N} for some
G0 ⊆ X, we simply say that H is strongly generated by G0.
We will be mainly interested in the case H = wk(X), the family of all weakly
compact subsets of the Banach space X .
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Definition 1.5. Let X be a Banach space and let G be a family of subsets of X.
We say that X is strongly generated by G if wk(X) is strongly generated by G. If
in addition G = {nT (BY ) : n ∈ N} for some operator T : Y → X from a Banach
space Y , we say that Y strongly generates X or that T strongly generates X.
Banach spaces which are strongly generated by a reflexive space (i.e. SWCG
spaces) or by a super-reflexive space have been widely studied, see e.g. [16, 25, 29]
and the references therein. All SWCG spaces and their subspaces have prop-
erty (K), see [1, Corollary 2.3]. We show that property (µs) is enjoyed by every
subspace of a Banach space which is strongly generated by an operator with Banach-
Saks adjoint (Theorem 3.1). This assumption is satisfied by the so-called strongly
super weakly compactly generated spaces (S2WCG) studied recently by Raja [35]
and Cheng et al. [8]. In particular, any Banach space which is strongly generated
by a super-reflexive space (e.g. L1(ν) for a finite measure ν) has property (µs).
We prove that a SWCG space X has property (µs) if (and only if) every w∗-
null sequence in X∗ admits a subsequence which is Cesa`ro convergent to 0 with
respect to µ(X∗, X). We do not know whether such equivalence holds for arbitrary
Banach spaces. The case of SWCG spaces is generalized to Banach spaces which
are strongly generated by less than p weakly compact sets (Theorem 3.7). Recall
that p is the least cardinality of a family M of infinite subsets of N such that:
•
⋂
N is infinite for every finite subfamily N ⊆M.
• There is no infinite set A ⊆ N such that A \M is finite for all M ∈M.
In general, ω1 ≤ p ≤ c. Under CH cardinality less than p just means countable, but
in other models there are uncountable sets of cardinality less than p, see e.g. [5] for
more information.
In Section 4 we study the stability of property (µs) under ℓp-sums for 1 ≤ p ≤ ∞.
Pe lczy´nski showed that the ℓ1-sum of c copies of L1[0, 1] fails property (K), see [17,
Example 4.I] (cf. [19]). In particular, this implies that property (µs) is not preserved
by arbitrary ℓ1-sums. We prove that (µs) is preserved by ℓ1-sums of less than p
summands (Theorem 4.2), as well as by arbitrary ℓp-sums whenever 1 < p < ∞
(Theorem 4.4). On the other hand, in Example 4.6 we point out the existence
of a sequence of finite-dimensional spaces whose ℓ∞-sum fails property (K), which
answers a question left open in [1, Problem 2.19].
In Section 5 we consider a natural weakening of properties (µs) and (K) to deal
with certain families of relatively weakly compact sets. This idea is applied to some
Banach lattices and Lebesgue-Bochner spaces.
Definition 1.6. Let X be a Banach space and let A be a family of subsets of X.
We say that X has
(i) property (µsA) if every w
∗-null sequence in X∗ admits a subsequence such
that all of its subsequences are Cesa`ro convergent to 0 uniformly on each
element of A;
(ii) property (KA) if every w
∗-null sequence in X∗ admits a convex block sub-
sequence which converges to 0 uniformly on each element of A.
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For instance, the so-called property (k) of Figiel, Johnson and Pe lczy´nski [17]
coincides with property (KA) when A is the family
(1.1)
{
T (C) : T : L1[0, 1]→ X operator, C ∈ wk(L1[0, 1])
}
,
see [10, Lemma 8.1]. Every weakly sequentially complete Banach lattice with weak
unit has property (k), see [17, Proposition 4.5(b)]. This can also be obtained as a
consequence of a result of de Pagter, Dodds and Sukochev (see [10, Theorem 5.3])
stating that every Banach lattice X with order continuous norm and weak unit has
property (KA) when A is the family of all order bounded subsets of X . We sharpen
those results by proving that, in fact, such Banach lattices have property (µsA)
when A is the family described in (1.1) or the family of all L-weakly compact sets,
respectively (Corollary 5.2 and Theorem 5.1).
Finally, we focus on the Lebesgue-Bochner space L1(ν,X), where ν is a finite
measure and X is a Banach space. It is known that if X contains a subspace
isomorphic to c0, then L
1([0, 1], X) contains a complemented subspace isomorphic
to c0, see [14]. When applied to the space ℓ
∞, this shows that properties (µs)
and (K) do not pass from X to L1([0, 1], X) in general (cf. [17, Remark 6.5]). In
fact, in Theorem 5.6 we prove that L1([0, 1], X) fails property (KA), for the family
A of all δS-sets of L1([0, 1], X), whenever X contains a subspace isomorphic to c0.
Definition 1.7. A set K ⊆ L1(ν,X) is said to be a δS-set if it is uniformly
integrable and for every δ > 0 there exists a weakly compact set W ⊆ X such that
ν(f−1(W )) ≥ 1− δ for every f ∈ K.
The collection of all δS-sets of L1(ν,X) will be denoted by δS(ν,X) or sim-
ply δS if no confussion arises. These sets play an important role when studying
weak compactness in Lebesgue-Bochner spaces. Any δS-set of L1(ν,X) is relatively
weakly compact, while the converse is not true in general. For more information on
these sets, see [37] and the references therein. Concerning positive results, we show
that L1(ν,X) has property (µsδS) whenever X is a subspace of a S
2WCG space
(Theorem 5.8). In general, the assumption that X∗ has the Banach-Saks property
is not enough to ensure that L1(ν,X) has property (µsδS) (Example 5.9).
2. Notation and preliminaries
The symbol |S| stands for the cardinality of a set S. All our vector spaces are
real. Given a sequence (fn)n in a vector space, a convex block subsequence of (fn)n
is a sequence (gk)k of the form
gk =
∑
n∈Ik
anfn
where (Ik)k is a sequence of finite subsets of N with max(Ik) < min(Ik+1) and (an)n
is a sequence of non-negative real numbers such that
∑
n∈Ik
an = 1 for all k ∈ N.
An operator is a continuous linear map between Banach spaces. By a subspace of a
Banach space we mean a closed linear subspace. Given a Banach space X , its norm
is denoted by either ‖ · ‖X or simply ‖ · ‖, and we write BX = {x ∈ X : ‖x‖ ≤ 1}.
The topological dual of X is denoted by X∗ and the adjoint of an operator T
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denoted by T ∗. The evaluation of x∗ ∈ X∗ at x ∈ X is denoted by either x∗(x)
or 〈x∗, x〉. The weak (resp. weak∗) topology on X (resp. X∗) is denoted by w
(resp. w∗).
Lemma 2.1. Let X be a Banach space and let A be a family of subsets of X. If
X has property (µsA), then it also has property (KA).
Proof. Bear in mind that if (un)n is a sequence in a topological vector space which
is Cesa`ro convergent to 0, then it admits a convex block subsequence converging
to 0. Indeed, define
vk :=
1
2k
2k∑
n=1
un and wk :=
1
2k−1
2k∑
n=2k−1+1
un
for every k ∈ N. Then (wk)w is a convex block subsequence of (un)n converging
to 0, because (vk)k converges to 0 and vk =
1
2 (vk−1 + wk) for all k ≥ 2. 
In particular, property (µs) implies property (K). The converse is not true in
general, since any reflexive space has property (K), there are reflexive spaces which
fail the Banach-Saks property (see [2]) and, moreover, we have:
Proposition 2.2. Let X be a Banach space. The following statements are equiv-
alent:
(i) X∗ has the Banach-Saks property;
(ii) X is reflexive and has property (µs);
(iii) X contains no subspace isomorphic to ℓ1 and has property (µs).
Proof. (i)⇒(ii): Clearly, the Banach-Saks property of X∗ implies that X has prop-
erty (µs). On the other hand, as we mentioned in the introduction, every space
with the Banach-Saks property is reflexive.
The implication (ii)⇒(iii) is obvious, while (iii)⇒(ii) follows from Lemma 2.1
and the fact that any Banach space with property (K) and without subspaces
isomorphic to ℓ1 is reflexive, see [1, Theorem 2.1].
Finally, (ii)⇒(i) follows from the fact that, if X is reflexive, then µ(X∗, X) agrees
with the norm topology of X∗ and BX∗ is w
∗-sequentially compact. 
Proposition 2.3. Let L be a compact Hausdorff topological space. The following
statements are equivalent:
(i) C(L) is Grothendieck (i.e. every w∗-convergent sequence in C(L)∗ is weakly
convergent);
(ii) C(L) has property (µs).
Proof. C(L)∗ is isomorphic (in fact, order isometric) to the L1-space of a non-
negative measure, so it has the weak Banach-Saks property. The implication
(i)⇒(ii) follows at once from this.
(ii)⇒(i): Apply Lemma 2.1 and the fact that C(L) is Grothendieck if (and only
if) it has property (K), see [1, Corollary 2.5]. 
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A subspace Y of a Banach space X is said to be w∗-extensible in X if every
w∗-null sequence in Y ∗ admits a subsequence which can be extended to a w∗-
null sequence in X∗. It is easy to check that: (i) any complemented subspace is
w∗-extensible; and (ii) if BX∗ is w
∗-sequentially compact, then any subspace is
w∗-extensible in X (see [41, Theorem 2.1]). The following is straightforward:
Remark 2.4. Let X be a Banach space and let Y ⊆ X be a subspace which is
w∗-extensible in X. Let A be a family of subsets of Y . If X has property (µsA),
then Y has property (µsA) as well.
In general, the statement of Remark 2.4 is not true for arbitrary subspaces.
For instance, ℓ∞ has property (µs) (by Proposition 2.3 and the fact that ℓ∞ is
Grothendieck) but c0 does not (since it fails (K), see e.g. [24, Proposition C]).
3. Strong generation and property (µs)
Our first result in this section provides a sufficient condition for property (µs).
Theorem 3.1. Let X be a Banach space which is strongly generated by an operator
with Banach-Saks adjoint. Then every subspace of X has property (µs).
The proof of Theorem 3.1 requires two lemmas which will be used again later.
Lemma 3.2. Let X be a Banach space. Let H and G be two families of subsets
of X such that H is strongly generated by G.
(i) If (x∗n)n is a bounded sequence in X
∗ converging to 0 uniformly on each
element of G, then it also converges to 0 uniformly on each element of H.
(ii) If X has property (µsG), then it also has property (µ
s
H).
Proof. (ii) is an immediate consequence of (i) applied to the corresponding se-
quences of Cesa`ro means. For the proof of (i), let c > 0 be a constant such that
‖x∗n‖X∗ ≤ c for all n ∈ N. Fix H ∈ H and take any ε > 0. Pick G ∈ G such that
H ⊆ G + εBX and choose n0 ∈ N such that supx∈G |x
∗
n(x)| ≤ ε for all n ≥ n0.
Then supx∈H |x
∗
n(x)| ≤ (1 + c)ε for all n ≥ n0. 
Lemma 3.3. Let X and Y be Banach spaces and let T : Y → X be an operator
such that T ∗ is Banach-Saks. Then X has property (µs{T (BY )}).
Proof. Let (x∗n)n be a w
∗-null sequence in X∗. Since T ∗ : X∗ → Y ∗ is Banach-Saks
and w∗-w∗-continuous, there is a subsequence of (x∗n), not relabeled, such that for
every further subsequence (x∗nk)k we have that (T
∗(x∗nk ))k is Cesa`ro convergent to 0
in norm, that is,
lim
N→∞
sup
y∈BY
∣∣∣
〈 1
N
N∑
k=1
x∗nk , T (y)
〉∣∣∣ = lim
N→∞
∥∥∥ 1
N
N∑
k=1
T ∗(x∗nk)
∥∥∥
Y ∗
= 0.
This shows that X has property (µs{T (BY )}). 
Proof of Theorem 3.1. Since any Banach-Saks operator is weakly compact, the
space X is SWCG. In particular, X is weakly compactly generated and so BX∗
is w∗-sequentially compact (see e.g. [12, p. 228, Theorem 4]). Therefore, every
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subspace is w∗-extensible in X and so it suffices to prove that X has property (µs)
(see Remark 2.4 and the paragraph preceding it). To this end, let Y be a Banach
space and let T : Y → X be an operator such that T ∗ is Banach-Saks and wk(X) is
strongly generated by T (BY ). By Lemmas 3.3 and 3.2(ii), X has property (µ
s). 
An operator between Banach spaces T : Y → X is said to be super weakly
compact if the ultrapower T U : Y U → XU is weakly compact for every free ultra-
filter U on N. This is equivalent to being uniformly convexifying in the sense of
Beauzamy [3], see e.g. [21, Theorem 5.1]. A Banach space X is said to be strongly
super weakly compactly generated (S2WCG) if it is strongly generated by a super
weakly compact operator (see [35]). In general:
strongly generated by a super-reflexive space =⇒ S2WCG =⇒ strongly generated
by an operator with Banach-Saks adjoint.
The first implication is clear. The second one holds because an operator is su-
per weakly compact if and only if its adjoint is super weakly compact (see [3,
Proposition II.4]) and any super weakly compact operator is Banach-Saks (see [4,
The´ore`me 3]). An example of a S2WCG space which is not strongly generated by a
super-reflexive space can be found in [35, Example 3.10]. The converse of the sec-
ond implication above is neither true in general, even for reflexive spaces. Indeed,
there are spaces with the Banach-Saks property which are not super-reflexive (see
[31]), while every S2WCG reflexive space is super-reflexive (cf. [35, Theorem 1.9]).
Corollary 3.4. Every subspace of a S2WCG Banach space has property (µs).
Corollary 3.5. Let ν be a finite measure. Then every subspace of L1(ν) has
property (µs).
Remark 3.6. The previous results are formulated in terms of “subspaces” because
the corresponding classes of Banach spaces are not hereditary. Indeed, Mercourakis
and Stamati (see [29, Theorem 3.9(ii)]) showed that there exist subspaces of L1[0, 1]
which are not SWCG.
The Erdo¨s-Magidor Theorem 1.1 is also valid for Fre´chet spaces and, under
certain set theoretic assumptions, for other classes of locally convex spaces, see [33].
Along this way, we have the following:
Theorem 3.7. Let X be a Banach space which is strongly generated by a family
G ⊆ wk(X) with |G| < p (e.g. a SWCG space). Then X has property (µs) if
(and only if) every w∗-null sequence in X∗ admits a subsequence which is Cesa`ro
convergent to 0 with respect to µ(X∗, X).
To deal with the proof of Theorem 3.7 we need two lemmas. The first one is a
standard diagonalization argument.
Lemma 3.8. Let {Sα}α<γ be a collection of families of infinite subsets of N, where
γ is an ordinal with γ < p. Suppose that, for each α < γ, we have:
(i) if B ⊆ N is infinite and B \A is finite for some A ∈ Sα, then B ∈ Sα;
(ii) every infinite subset of N contains an element of Sα.
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Then every infinite subset of N contains an element of
⋂
α<γ Sα.
Proof. Fix an infinite set B ⊆ N. We will first construct by transfinite induction a
collection {Bα : α < γ} of subsets of B with the following properties:
(Pα) Bα ∈ Sα for all α < γ;
(Qα,β) Bβ \Bα is finite whenever α ≤ β < γ.
For α = 0 we just use (ii) to select any subset B0 of B belonging to S0. Suppose now
that 1 ≤ γ′ < γ and that we have already constructed a collection {Bα : α < γ′} of
subsets of B such that (Pα) and (Qα,β) hold whenever α ≤ β < γ
′. In particular,
for any finite set I ⊆ γ′ the intersection
⋂
α∈I Bα is infinite. Since γ
′ < p, there is an
infinite set Bγ′ ⊆ B such that Bγ′ \Bα is finite for all α < γ′. Property (i) implies
that Bγ′ ∈
⋂
α<γ′ Sα. Now property (ii) implies that, by passing to a further subset
of Bγ′ if necessary, we can assume that (Pγ′) holds. Clearly, (Qα,β) also holds for
every α ≤ β ≤ γ′. This finishes the inductive construction.
Since γ < p and for any finite set I ⊆ γ the intersection
⋂
α∈I Bα is infinite,
there is an infinite set C ⊆ B such that C \Bα is finite for every α < γ. From (i)
it follows that C ∈
⋂
α<γ Sα. 
The second lemma will also be used in Section 4.
Lemma 3.9. Let {Ei}i∈I be a family of topological vector spaces with |I| < p and
let E :=
∏
i∈I Ei be equipped with the product topology. For each i ∈ I, we denote by
ρi : E → Ei the ith-coordinate projection. Let (un)n be a sequence in E satisfying
the following condition:
(⋆) for every infinite set A ⊆ N and every i ∈ I there is an infinite set B ⊆ A
such that the subsequence (ρi(un))n∈C is Cesa`ro convergent to 0 in Ei for
every infinite set C ⊆ B.
Then there is a subsequence of (un)n such that all of its subsequences are Cesa`ro
convergent to 0 in E.
Proof. We will apply Lemma 3.8. For each i ∈ I, let Si be the family of all infinite
sets A ⊆ N such that for every infinite set C ⊆ A the corresponding subsequence
(ρi(un))n∈C is Cesa`ro convergent to 0 in Ei. It suffices to check that conditions (i)
and (ii) of Lemma 3.8 hold for this choice.
Indeed, (ii) follows immediately from (⋆). On the other hand, fix i ∈ I, A ∈ Si
and an infinite set B ⊆ N such that B \A is finite. To check that B ∈ Si, take any
strictly increasing sequence (nk)k in B. There is k0 ∈ N such that nk ∈ A for all
k > k0, hence (ρi(unk))k>k0 is Cesa`ro convergent to 0 in Ei and so is (ρi(unk))k.
This shows that B ∈ Si. Thus, condition (i) of Lemma 3.8 is also satisfied. 
Proof of Theorem 3.7. To prove that X has property (µs) it suffices to check that
it has property (µsG) (Lemma 3.2(ii)). For each G ∈ G, let RG : X
∗ → C(G) be the
operator given by RG(x
∗) := x∗|G (the restriction of x∗ to G).
Let (x∗n)n be a w
∗-null sequence in X∗. Fix an infinite set A ⊆ N and G ∈ G.
Since (RG(x
∗
n))n∈A is bounded, we can apply the Erdo¨s-Magidor Theorem 1.1 to
find an infinite set B ⊆ A such that either all subsequences of (RG(x
∗
n))n∈B are
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Cesa`ro convergent (to the same limit), or no subsequence of (RG(x
∗
n))n∈B is Cesa`ro
convergent. The assumption on X excludes the second possibility and ensures that
all subsequences of (RG(x
∗
n))n∈B are Cesa`ro convergent to 0.
We can now apply Lemma 3.9 to the family of Banach spaces {C(G)}G∈G and
the sequence (un)n in
∏
G∈G C(G) defined by un := (RG(x
∗
n))G∈G . So, there is a
subsequence of (x∗n)n such that all of its subsequences are Cesa`ro convergent to 0
uniformly on each G ∈ G. This proves that X has property (µsG). 
4. ℓp-sums
The ℓp-sum (1 ≤ p ≤ ∞) of a family of Banach spaces {Xi}i∈I is denoted by(⊕
i∈I
Xi
)
ℓp
.
When p 6=∞ we identify the dual of (
⊕
i∈I Xi)ℓp with (
⊕
i∈I X
∗
i )ℓq , where q is the
conjugate exponent of p, i.e. 1/p+ 1/q = 1, and for each j ∈ I we denote by
πj :
(⊕
i∈I
Xi
)
ℓp
→ Xj and ρj :
(⊕
i∈I
X∗i
)
ℓq
→ X∗j
the jth-coordinate projections.
Lemma 4.1. Let {Xi}i∈I be a family of Banach spaces and X := (
⊕
i∈I Xi)ℓ1 . Let
(x∗n)n be a bounded sequence in X
∗ such that for every i ∈ I the sequence (ρi(x∗n))n
is µ(X∗i , Xi)-null. Then (x
∗
n)n is µ(X
∗, X)-null.
Proof. It is known that wk(X) is strongly generated by the family G consisting of
all weakly compact subsets of X of the form⋂
i∈J
π−1i (Wi) ∩
⋂
i∈I\J
π−1i ({0}),
where J ⊆ I is finite andWi ∈ wk(Xi) for every i ∈ J (see e.g. [23, Lemma 7.2(ii)]).
Clearly, (x∗n)n converges to 0 uniformly on each element of G. From Lemma 3.2(i)
it follows that (x∗n)n converges to 0 with respect to µ(X
∗, X). 
Theorem 4.2. Let {Xi}i∈I be a family of Banach spaces having property (µs). If
|I| < p, then (
⊕
i∈I Xi)ℓ1 has property (µ
s).
Proof. Write X := (
⊕
i∈I Xi)ℓ1 . Let (x
∗
n)n be a w
∗-null sequence in X∗. Then
(ρi(x
∗
n))n is w
∗-null in X∗i for all i ∈ I. Since each Xi has property (µ
s), we can
apply Lemma 3.9 to the family of locally convex spaces {(X∗i , µ(X
∗
i , Xi))}i∈I and
the sequence (un)n in
∏
i∈I X
∗
i defined by un := (ρi(x
∗
n))i∈I . Therefore, there is a
subsequence of (x∗n)n, not relabeled, such that for every further subsequence (x
∗
nk)k
and every i ∈ I, the sequence (ρi(x∗nk))k is Cesa`ro convergent to 0 with respect
to µ(X∗i , Xi). Now, apply Lemma 4.1 to the sequence of arithmetic means of any
such subsequence (x∗nk)k to conclude that (x
∗
nk
)k is Cesa`ro convergent to 0 with
respect to µ(X∗, X). 
The following lemma isolates an argument used in the proof of Theorem 2.15
in [1], which says that property (K) is preserved by arbitrary ℓp-sums for 1 < p <∞.
We will use it to prove the same statement for property (µs) (Theorem 4.4 below).
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Lemma 4.3. Let {Xi}i∈I be a family of Banach spaces, let 1 < p < ∞ and write
X := (
⊕
i∈I Xi)ℓp . Let (y
∗
j )j be a sequence in X
∗ such that:
(i) for every i ∈ I the sequence (ρi(y∗j ))j is µ(X
∗
i , Xi)-null;
(ii) there is a norm convergent sequence (ξ˜j)j in ℓ
q(I) such that
ξ˜j ≥ ξj := (‖ρi(y
∗
j )‖X∗i )i∈I pointwise in ℓ
q(I)
for all j ∈ N.
Then (y∗j )j is µ(X
∗, X)-null.
Proof. Fix any weakly compact set L ⊆ BX and ε > 0. Since (ξ˜j)j is norm
convergent in ℓq(I), there exist a finite set I0 ⊆ I and j0 ∈ N such that
(4.1) sup
j>j0
( ∑
i∈I\I0
ψi(ξ˜j)
q
) 1
q
≤ ε,
where ψi ∈ ℓ
q(I)∗ denotes the ith-coordinate functional. Bearing in mind that
‖ρi(y
∗
j )‖X∗i = ψi(ξj) ≤ ψi(ξ˜j) for every i ∈ I and j ∈ N,
from (4.1) we get
sup
j>j0
( ∑
i∈I\I0
‖ρi(y
∗
j )‖
q
X∗
i
) 1
q
≤ ε.
The previous inequality and Ho¨lder’s one imply that
(4.2) sup
j>j0
∑
i∈I\I0
|bi| · ‖ρi(y
∗
j )‖X∗i ≤ ε for every (bi)i∈I ∈ Bℓp(I).
For each i ∈ I, the sequence (ρi(y∗j ))j converges to 0 uniformly on the weakly
compact set πi(L) ⊆ Xi. Thus, we can find j1 > j0 such that
(4.3)
∣∣〈ρi(y∗j ), πi(x)〉
∣∣ ≤ ε
|I0|
for every j > j1, i ∈ I0 and x ∈ L.
Therefore, for every j > j1 and x ∈ L ⊆ BX we have
∣∣〈y∗j , x〉
∣∣ ≤
∑
i∈I
∣∣〈ρi(y∗j ), πi(x)〉
∣∣ (4.3)≤ ε+
∑
i∈I\I0
∣∣〈ρi(y∗j ), πi(x)〉
∣∣
≤ ε+
∑
i∈I\I0
‖πi(x)‖Xi · ‖ρi(y
∗
j )‖X∗i
(4.2)
≤ 2ε.
This shows that (y∗j )j is µ(X
∗, X)-null. 
Theorem 4.4. Let {Xi}i∈I be a family of Banach spaces having property (µs) and
let 1 < p <∞. Then (
⊕
i∈I Xi)ℓp has property (µ
s).
Proof. Write X := (
⊕
i∈I Xi)ℓp . Let (x
∗
n)n be a w
∗-null sequence in X∗. Define
vn := (‖ρi(x
∗
n)‖X∗i )i∈I ∈ ℓ
q(I) for all n ∈ N,
so that ‖vn‖ℓq(I) = ‖x
∗
n‖X∗ . Since (vn)n is bounded and ℓ
q(I) has the Banach-
Saks property, there exist a subsequence of (x∗n)n, not relabeled, such that all
subsequences of (vn)n are Cesa`ro convergent in norm (to the same limit).
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On the other hand, since every element of X∗ = (
⊕
i∈I X
∗
i )ℓq is countably sup-
ported, we can assume without loss of generality that I is countable. Then, as in
the proof of Theorem 4.2, we can find a subsequence of (x∗n)n, not relabeled, such
that for every further subsequence (x∗nk)k and every i ∈ I, the sequence (ρi(x
∗
nk))k
is Cesa`ro convergent to 0 with respect to µ(X∗i , Xi).
We claim that any subsequence (x∗nk)k is Cesa`ro convergent to 0 with respect to
µ(X∗, X). Indeed, define y∗j :=
1
j
∑j
k=1 x
∗
nk for all j ∈ N. We will show that (y
∗
j )j
is µ(X∗, X)-null by checking that it satisfies conditions (i) and (ii) of Lemma 4.3.
Obviously, (i) holds. On the other hand, for each i ∈ I and j ∈ N we have
‖ρi(y
∗
j )‖X∗i ≤
1
j
j∑
k=1
‖ρi(x
∗
nk
)‖X∗
i
= ψi
(1
j
j∑
k=1
vnk
)
,
where ψi ∈ ℓq(I)∗ denotes the ith-coordinate functional. Hence, condition (ii) of
Lemma 4.3 holds by taking ξ˜j :=
1
j
∑j
k=1 vnk for all j ∈ N. 
Remark 4.5. The previous result provides examples of separable Banach spaces
having property (µs) which do not embed isomorphically into any SWCG space, like
ℓp(ℓ1) and ℓp(L1[0, 1]) for 1 < p <∞, see [25, Corollary 2.29].
The following example answers in the negative a question left open in [1, Prob-
lem 2.19]. It also shows that property (µs) is not preserved by countable ℓ∞-sums.
Example 4.6. There is a sequence (Xn)n of finite-dimensional Banach spaces such
that (
⊕
n∈NXn)ℓ∞ fails property (K).
Proof. Johnson [22] proved the existence of a sequence (Xn)n of finite-dimensional
Banach spaces such that, for every separable Banach space X , its dual X∗ is iso-
morphic to a complemented subspace of (
⊕
n∈NXn)ℓ∞ .
Bearing in mind that property (K) is inherited by complemented subspaces, the
fact that the space (
⊕
n∈NXn)ℓ∞ fails property (K) follows from the existence of
separable Banach spaces whose dual fails property (K), like C[0, 1] and the predual
of the James tree space JT . Indeed, C[0, 1]∗ is isomorphic to the ℓ1-sum of c many
copies of L1[0, 1] (see e.g. [38, p. 242, Remark 5]) and so it fails property (K),
according to Pe lczyn´ski’s example mentioned in the introduction. On the other
hand, JT is not reflexive and contains no subspace isomorphic to ℓ1, hence JT fails
property (K), see [1, Theorem 2.1]. 
5. Applications
5.1. Banach lattices. Given a Banach lattice X , we write
Lw(X) := {A ⊆ X : A is L-weakly compact}.
Recall that a bounded set A ⊆ X is said to be L-weakly compact if every disjoint
sequence contained in
⋃
x∈A[−|x|, |x|] (the solid hull of A) is norm null. Every
L-weakly compact set is relatively weakly compact, while the converse does not
hold in general. L-weak compactness and relative weak compactness are equivalent
for subsets of the L1-space of a non-negative measure. More generally, if X has
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order continuous norm, then a set A ⊆ X is L-weakly compact if and only if it
is approximately order bounded, i.e. for every ε > 0 there is x ∈ X+ such that
A ⊆ [−x, x] + εBX . For more information on L-weakly compact sets, see [30, §3.6].
Theorem 5.1. Let X be a Banach lattice with order continuous norm and weak
unit. Then X has property (µsLw(X)).
Proof. Such a Banach lattice is order isometric to a Ko¨the function space over a
finite measure space, see e.g. [27, Theorem 1.b.14]. So, we can assume that X is a
Ko¨the function space over a finite measure space, say (Ω,Σ, ν). Let i : L∞(ν)→ X
be the inclusion operator. Since X has order continuous norm, i∗(X∗) ⊆ L1(ν) and
so i∗ : X∗ → L1(ν) is w∗-w-continuous (see e.g. [27, p. 29]).
The order continuity of the norm also ensures that Lw(X) is strongly generated
by i(BL∞(ν)) (see e.g. [32, Lemma 2.37(iii)]). Therefore, in order to prove that X
has property (µsLw(X)) we only have to check that X has property (µ
s
{i(BL∞(ν))}
) (by
Lemma 3.2(ii)). To this end, let (x∗n)n be a w
∗-null sequence in X∗. Then (i∗(x∗n))n
is weakly null in L1(ν), which has the weak Banach-Saks property. Hence there is a
subsequence of (x∗n)n, not relabeled, such that any further subsequence (i
∗(x∗nk))k
is Cesa`ro convergent to 0 in the norm of L1(ν). In particular,
lim
N→∞
sup
f∈BL∞(ν)
∣∣∣
〈 1
N
N∑
k=1
x∗nk , i(f)
〉∣∣∣ = lim
N→∞
∥∥∥ 1
N
N∑
k=1
i∗(x∗nk )
∥∥∥
L1(ν)
= 0.
This shows that X has property (µs{i(BL∞(ν)})). 
If X is a weakly sequentially complete Banach lattice, then
Lw(X) ⊇ Q(X) :=
{
T (C) : T : L1[0, 1]→ X operator, C ∈ wk(L1[0, 1])
}
.
Indeed, in this case X has order continuous norm (see e.g. [30, Theorems 2.4.2
and 2.5.6]) and any operator T : L1[0, 1] → X is regular (see e.g. [30, Theo-
rem 1.5.11]), so it maps approximately order bounded (i.e. relatively weakly com-
pact) subsets of L1[0, 1] to approximately order bounded (i.e. L-weakly compact)
subsets of X . Thus, we get the following:
Corollary 5.2. Let X be a weakly sequentially complete Banach lattice with weak
unit. Then X has property (µsQ(X)).
A Banach lattice is said to have the positive Schur property (PSP) if every weakly
null sequence of positive vectors is norm null. Obviously, this property is satisfied
by the L1-space of any non-negative measure. The PSP implies weak sequential
completeness (see e.g. [30, Theorem 2.5.6]) and so the order continuity of the norm.
On the other hand, it is known that the PSP is equivalent to saying that every
relatively weakly compact set is L-weakly compact (see e.g. [20, Theorem 3.14]).
So, Theorem 5.1 implies that every Banach lattice with the PSP and weak unit has
property (µs). In fact, such a Banach lattice is S2WCG, as we show in Corollary 5.4
below. The key is the following lemma (cf. [18, Corollary 5.6]):
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Lemma 5.3. Let X be a Ko¨the function space with order continuous norm over a
finite measure space (Ω,Σ, ν). Then the inclusion operator i : L∞(ν)→ X is super
weakly compact.
Proof. Since X has order continuous norm, every order interval of X is weakly
compact (see e.g. [30, Theorem 2.4.2]). Hence i is weakly compact and so is
i∗ : X∗ → L1(ν) (see the proof of Theorem 5.1). Every weakly compact operator
taking values in the L1-space of a finite measure is super weakly compact, see e.g.
[3, p. 123, Remarque] (cf. [18, Proposition 5.5]). Therefore, i∗ is super weakly
compact and the same holds for i (see [3, Proposition II.4]). 
Corollary 5.4. Let X be a Banach lattice with the positive Schur property and
weak unit. Then X is S2WCG.
Proof. As in Theorem 5.1, we can assume that X is a Ko¨the function space over
a finite measure space (Ω,Σ, ν). Then X is strongly generated by the inclusion
operator i : L∞(ν)→ X (bear in mind that every weakly compact subset of X is L-
weakly compact). On the other hand, i is super weakly compact by Lemma 5.3. 
The previous corollary is an improvement of [6, Proposition 5.6], where it was
shown that such Banach lattices are SWCG.
Remark 5.5. The conclusion of Theorem 5.1 and Corollaries 5.2 and 5.4 can fail
in the absence of weak unit. For instance, let X be the ℓ1-sum of c many copies
of L1[0, 1]. Then X has the PSP and fails property (µsQ(X)), since it does not have
property (k) (see [17, Example 4.I]).
5.2. Lebesgue-Bochner spaces. The first result of this subsection is based on the
proof of Emmanuele’s result [14] on complemented copies of c0 in Lebesgue-Bochner
spaces, cf. [7, Theorem 4.3.2].
Theorem 5.6. Let X be a Banach space containing a subspace isomorphic to c0.
Then L1([0, 1], X) fails property (KδS).
For the proof of Theorem 5.6 we need a lemma.
Lemma 5.7. Let X be a Banach space containing a c0-sequence (xn)n. Let (hn)n
be a sequence of {−1, 1}-valued measurable functions on [0, 1] and let (Ik)k be a
sequence of finite subsets of N with max(Ik) < min(Ik+1) for all k ∈ N. Then{ ∑
n∈Ik
hn(·)xn : k ∈ N
}
is a δS-set of L1([0, 1], X).
Proof. It suffices to show that the set
C :=
{ ∑
n∈Ik
anxn : k ∈ N, (an)n∈Ik ∈ {−1, 1}
Ik
}
is relatively weakly compact in X . To this end, let (ym)m be a sequence in C. For
each m ∈ N we write
ym =
∑
n∈Ikm
an,mxn
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for some km ∈ N and an,m ∈ {−1, 1}. By passing to a subsequence, not relabeled,
we can assume that one of the following alternatives holds:
• There is k ∈ N such that km = k for all m ∈ N. In this case, (ym)m is a
bounded sequence in a finite-dimensional subspace of X and, therefore, it
admits a norm convergent subsequence.
• km < km+1 for all m ∈ N. In this case, since (xn)n is a c0-sequence, the
same holds for (ym)m and so it is weakly null.
Thus C is relatively weakly compact, as required. 
Proof of Theorem 5.6. We denote by (en)n and (e
∗
n)n the usual bases of c0 and ℓ
1,
respectively. Let (xn)n be a c0-sequence in X and let (rn)n be the sequence of
Rademacher functions on [0, 1]. Then (rn(·)xn)n is a c0-sequence in L1([0, 1], X)
which spans a complemented subspace
Z := span{rn(·)xn : n ∈ N} ⊆ L
1([0, 1], X),
see e.g. the proof of Theorem 4.3.2 in [7]. Let P : L1([0, 1], X)→ Z be a projection
and let T : Z → c0 be the isomorphism satisfying T (rn(·)xn) = en for all n ∈ N.
Consider the operator S := T ◦ P : L1([0, 1], X) → c0. Note that (S∗(e∗n))n is a
w∗-null sequence in L1([0, 1], X)∗.
Claim. (S∗(e∗n))n does not admit convex block subsequences converging to 0
uniformly on each δS-set. Indeed, let (gk)k be any convex block subsequence
of (S∗(e∗n))n. Write gk =
∑
n∈Ik
anS
∗(e∗n), where (Ik)k is a sequence of finite
subsets of N with max(Ik) < min(Ik+1) and an ≥ 0 satisfy
∑
n∈Ik
an = 1. Then
for each k ∈ N we have
〈
gk,
∑
n∈Ik
rn(·)xn
〉
=
〈 ∑
n∈Ik
ane
∗
n,
∑
n∈Ik
S(rn(·)xn)
〉
=
〈 ∑
n∈Ik
ane
∗
n,
∑
n∈Ik
en
〉
=
∑
n∈Ik
an = 1.
Hence (gk)k does not converge to 0 uniformly on the δS-set{ ∑
n∈Ik
rn(·)xn : k ∈ N
}
(Lemma 5.7). This proves that L1([0, 1], X) fails property (KδS). 
From now on (Ω,Σ, ν) is a finite measure space. Given a Banach space X , the
identity operator i : L2(ν,X)→ L1(ν,X) strongly generates L1(ν,X). Indeed, this
can be checked as in the case of real-valued functions, bearing in mind that any
weakly compact subset of L1(ν,X) is uniformly integrable (see e.g. [13, p. 104,
Theorem 4]). On the other hand, L2(ν,X) is super-reflexive whenever X is super-
reflexive, see [9] (cf. [11, Ch. IV, Corollary 4.5]). In particular, L1(ν,X) is strongly
generated by a super-reflexive space (and so it has property (µs), by Corollary 3.4)
whenever X is super-reflexive.
Theorem 5.8. Let X be a S2WCG Banach space and let Z ⊆ X be a subspace.
Then L1(ν, Z) has property (µsδS(ν,Z)).
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Proof. The space L1(ν,X) is weakly compactly generated because X is (see e.g.
[13, p. 252, Corollary 11]). Therefore, as in the proof of Theorem 3.1, it suffices to
check that L1(ν,X) has property (µsδS(ν,X)).
Let Y be a Banach space which strongly generates X through a super weakly
compact operator T : Y → X . We can assume that Y is reflexive and T is injective,
according to Theorem 4.5 and Proposition 4.6 in [34]. Then δS(ν,X) is strongly
generated by
H := {h ∈ L1(ν,X) : h(ω) ∈ T (BY ) for µ-a.e. ω ∈ Ω}
(see [36, proof of Theorem 2.7]). Let T˜ : L2(ν, Y )→ L2(ν,X) be the “composition”
operator defined by
T˜ (f) := T ◦ f for all f ∈ L2(ν, Y ).
Let i : L2(ν,X) → L1(ν,X) be the identity operator and define S := i ◦ T˜ . Since
Y is reflexive and T is injective, we have H ⊆ S(ρBL2(ν,Y )) for ρ := (ν(Ω))
1/2 (see
[26, proof of Theorem 1]), hence δS(ν,X) is strongly generated by S(BL2(ν,Y )).
Since T is super weakly compact, so is T˜ (see [3, p. 126, Corollaire]), hence S
is super weakly compact as well. Therefore, S∗ is super weakly compact (see [3,
Proposition II.4]) and so S∗ is Banach-Saks (see [4, The´ore`me 3]). From Lemmas 3.3
and 3.2(ii) we conclude that L1(ν,X) has property (µsδS(ν,X)). 
Our final example shows that, in the statement of Theorem 5.8, the S2WCG
property cannot be replaced by the Banach-Saks property of the dual. It is known
(and not difficult to check) that ifX is a reflexive Banach space, then every relatively
weakly compact subset of L1(ν,X) is a δS-set, so in this particular setting properties
(µs) and (µsδS) are equivalent.
Example 5.9. There exists a Banach space X such that X∗ has the Banach-Saks
property but L1([0, 1], X) fails property (µs).
Proof. Schachermayer [39] constructed an example of a Banach space E having
the Banach-Saks property such that L2([0, 1], E) does not have it. The failure of
the property is witnessed by a uniformly bounded weakly null sequence (fn)n in
L2([0, 1], E) (see [39], proof of Proposition 3).
Set X := E∗ and let i : L2([0, 1], X) → L1([0, 1], X) be the identity operator.
Since E is reflexive, the same holds for L2([0, 1], E) and we have
L2([0, 1], E)∗ = L2([0, 1], X) and L1([0, 1], X)∗ = L∞([0, 1], E),
see e.g. [13, IV.1]. Moreover, (fn)n is a w
∗-null sequence in L1([0, 1], X)∗. No
subsequence (fnk)k is Cesa`ro convergent to 0 in the norm of L
2([0, 1], E), so it can-
not be Cesa`ro convergent to 0 uniformly on the weakly compact set i(BL2([0,1],X)).
This shows that L1([0, 1], X) fails property (µs). 
Acknowledgements. This research was supported by projects MTM2014-54182-
P and MTM2017-86182-P (AEI/FEDER, UE).
16 JOSE´ RODRI´GUEZ
References
[1] A. Avile´s and J. Rodr´ıguez, Convex Combinations of Weak*-Convergent Sequences and the
Mackey Topology, Mediterr. J. Math. 13 (2016), no. 6, 4995–5007. MR 3564547
[2] A. Baernstein, On reflexivity and summability, Studia Math. 42 (1972), 91–94. MR 0305044
[3] B. Beauzamy, Ope´rateurs uniforme´ment convexifiants, Studia Math. 57 (1976), no. 2, 103–
139. MR 0430844
[4] B. Beauzamy, Proprie´te´ de Banach-Saks, Studia Math. 66 (1980), no. 3, 227–235. MR 579729
[5] A. Blass, Combinatorial cardinal characteristics of the continuum, Handbook of set theory.
Vols. 1, 2, 3, Springer, Dordrecht, 2010, pp. 395–489. MR 2768685
[6] J. M. Calabuig, S. Lajara, J. Rodr´ıguez, and E. A. Sa´nchez-Pe´rez, Compactness in L1 of a
vector measure, Studia Math. 225 (2014), no. 3, 259–282. MR 3312122
[7] P. Cembranos and J. Mendoza, Banach spaces of vector-valued functions, Lecture Notes in
Mathematics, vol. 1676, Springer-Verlag, Berlin, 1997. MR 1489231
[8] L. Cheng, Q. Cheng, and J. Zhang, On super fixed point property and super weak compactness
of convex subsets in Banach spaces, J. Math. Anal. Appl. 428 (2015), no. 2, 1209–1224.
MR 3334975
[9] M. M. Day, Some more uniformly convex spaces, Bull. Amer. Math. Soc. 47 (1941), 504–507.
MR 0004068
[10] B. de Pagter, P. G. Dodds, and F. A. Sukochev, On weak* convergent sequences in duals
of symmetric spaces of τ -measurable operators, Israel J. Math. 222 (2017), no. 1, 125–164.
MR 3736502
[11] R. Deville, G. Godefroy, and V. Zizler, Smoothness and renormings in Banach spaces, Pitman
Monographs and Surveys in Pure and Applied Mathematics, vol. 64, Longman Scientific &
Technical, Harlow, 1993. MR 1211634
[12] J. Diestel, Sequences and series in Banach spaces, Graduate Texts in Mathematics, vol. 92,
Springer-Verlag, New York, 1984. MR 737004
[13] J. Diestel and J. J. Uhl, Jr., Vector measures, American Mathematical Society, Providence,
R.I., 1977, With a foreword by B. J. Pettis, Mathematical Surveys, No. 15. MR 0453964
[14] G. Emmanuele, On complemented copies of c0 in L
p
X
, 1 ≤ p < ∞, Proc. Amer. Math. Soc.
104 (1988), no. 3, 785–786. MR 930250
[15] P. Erdo˝s and M. Magidor, A note on regular methods of summability and the Banach-Saks
property, Proc. Amer. Math. Soc. 59 (1976), no. 2, 232–234. MR 0430596
[16] M. Fabian, V. Montesinos, and V. Zizler, On weak compactness in L1 spaces, Rocky Mountain
J. Math. 39 (2009), no. 6, 1885–1893. MR 2575884
[17] T. Figiel, W. B. Johnson, and A. Pe lczyn´ski, Some approximation properties of Banach
spaces and Banach lattices, Israel J. Math. 183 (2011), 199–231. MR 2811159
[18] J. Flores, F. L. Herna´ndez, and Y. Raynaud, Super strictly singular and cosingular operators
and related classes, J. Operator Theory 67 (2012), no. 1, 121–152. MR 2881537
[19] R. Frankiewicz and G. Plebanek, Convex combinations and weak∗ null sequences, Bull. Polish
Acad. Sci. Math. 45 (1997), no. 3, 221–225. MR 1477539 (98i:46009)
[20] N. Gao and F. Xanthos, Unbounded order convergence and application to martingales without
probability, J. Math. Anal. Appl. 415 (2014), no. 2, 931–947. MR 3178299
[21] S. Heinrich, Finite representability and super-ideals of operators, Dissertationes Math.
(Rozprawy Mat.) 172 (1980), 37. MR 575755
[22] W. B. Johnson, A complementary universal conjugate Banach space and its relation to the
approximation problem, Israel J. Math. 13 (1972), 301–310. MR 0326356
[23] M. Kacˇena, O. F. K. Kalenda, and J. Spurny´, Quantitative Dunford-Pettis property, Adv.
Math. 234 (2013), 488–527. MR 3003935
[24] N. J. Kalton and A. Pe lczyn´ski, Kernels of surjections from L1-spaces with an application
to Sidon sets, Math. Ann. 309 (1997), no. 1, 135–158. MR 1467651
[25] K. K. Kampoukos and S. K. Mercourakis, On a certain class of Kσδ Banach spaces, Topology
Appl. 160 (2013), no. 9, 1045–1060. MR 3049252
CESA`RO CONVERGENT SEQUENCES IN THE MACKEY TOPOLOGY 17
[26] S. Lajara and J. Rodr´ıguez, Lebesgue-Bochner spaces, decomposable sets and strong weakly
compact generation, J. Math. Anal. Appl. 389 (2012), no. 1, 665–669. MR 2876530
[27] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces. II, Ergebnisse der Mathematik
und ihrer Grenzgebiete [Results in Mathematics and Related Areas], vol. 97, Springer-Verlag,
Berlin, 1979, Function spaces. MR 540367
[28] J. Lopez-Abad, C. Ruiz, and P. Tradacete, The convex hull of a Banach-Saks set, J. Funct.
Anal. 266 (2014), no. 4, 2251–2280. MR 3150159
[29] S. Mercourakis and E. Stamati, A new class of weakly K-analytic Banach spaces, Comment.
Math. Univ. Carolin. 47 (2006), no. 2, 291–312. MR 2241533
[30] P. Meyer-Nieberg, Banach lattices, Universitext, Springer-Verlag, Berlin, 1991. MR 1128093
[31] T. Nishiura and D. Waterman, Reflexivity and summability, Studia Math. 23 (1963), 53–57.
MR 0155167
[32] S. Okada, W. J. Ricker, and E. A. Sa´nchez Pe´rez, Optimal domain and integral extension of
operators, Operator Theory: Advances and Applications, vol. 180, Birkha¨user Verlag, Basel,
2008, Acting in function spaces. MR 2418751
[33] C. Poulios, Regular methods of summability in some locally convex spaces, Comment. Math.
Univ. Carolin. 50 (2009), no. 3, 401–411. MR 2573413
[34] M. Raja, Finitely dentable functions, operators and sets, J. Convex Anal. 15 (2008), no. 2,
219–233. MR 2422986
[35] M. Raja, Super WCG Banach spaces, J. Math. Anal. Appl. 439 (2016), no. 1, 183–196.
MR 3474357
[36] J. Rodr´ıguez, On the SWCG property in Lebesgue-Bochner spaces, Topology Appl. 196
(2015), part A, 208–216. MR 3422743
[37] J. Rodr´ıguez, A class of weakly compact sets in Lebesgue-Bochner spaces, Topology Appl.
222 (2017), 16–28. MR 3630192
[38] H. P. Rosenthal, On injective Banach spaces and the spaces L∞(µ) for finite measure µ,
Acta Math. 124 (1970), 205–248. MR 0257721
[39] W. Schachermayer, The Banach-Saks property is not L2-hereditary, Israel J. Math. 40 (1981),
no. 3-4, 340–344 (1982). MR 654589
[40] W. Szlenk, Sur les suites faiblement convergentes dans l’espace L, Studia Math. 25 (1965),
337–341. MR 0201956
[41] B. Wang, Y. Zhao, and W. Qian, On the weak-star extensibility, Nonlinear Anal. 74 (2011),
no. 6, 2109–2115. MR 2781741
Dpto. de Ingenier´ıa y Tecnolog´ıa de Computadores, Facultad de Informa´tica, Uni-
versidad de Murcia, 30100 Espinardo (Murcia), Spain
E-mail address: joserr@um.es
